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Abstract. We apply topological methods to obtain global continuation re- 
sults for harmonic solutions of some periodically perturbed ordinary differen- 
tial equations on a fc-dimcnsional differentiable manifold M C . We assume 
that M is globally defined as the zero set of a smooth map and, as a first step, 
we determine a formula which reduces the computation of the degree of a 
tangent vector field on M to the Brouwer degree of a suitable map in M'". 
As further applications, we study the set of harmonic solutions to periodic 
semi-explicit differential-algebraic equations. 



1. Introduction and preliminaries 

In this paper we study T-pcriodic solutions of some parametrized families of 
T-periodic constrained ordinary differential equations (ODEs). More precisely, we 
study periodically perturbed autonomous ODEs on a differentiable submanifold 
of some Euclidean space, under the assumption that such a manifold is globally 
defined as the zero set of a smooth map. Wc consider the two different cases of 
nontrivial unperturbed equation and of perturbation of the zero vector field. We 
adopt a topological approach and we make use of results which are based on the 
fixed point index. However, our techniques require just the notion of the degree 
(often called characteristic or rotation) of tangent vector fields to differentiable 
manifolds, which in the 'fiat' case, that is when the manifold is an open subset of 
an Euclidean space, is essentially the well known Brouwer degree. As an application 
of our results, we study T-pcriodic solutions of particular parametrized differential- 
algebraic equations (DAEs), for which we will prove global continuation results. 

Recently, differential-algebraic equations have received an increasing interest due, 
in particular, to applications in engineering and have been the subject of extensive 
study (see e.g. [3] for a comprehensive treatment) aimed mostly (but not only) 
to numerical methods. Our approach here, inspired by [l] and is directed 
towards qualitative theory of some particular DAEs which are studied by means 
of topological methods, making use of the equivalence of the given equations and 
suitable ODEs on manifolds. Relatively to [TJ [TT], here wc operate a change of 
perspective: assuming the viewpoint of ODEs on manifold allows us to present the 
matter in a general and extensively studied framework (see e.g. [4]). 

Our first goal is to obtain a formula for the computation of the degree of tangent 
fields to a /c-dimensional differentiable submanifold AI oi M™, in the particular 
case when the manifold is defined implicitly as the zero set of a smooth function 
g : U ^ W, with s = m — k and U C open and connected, and assuming 
that with an appropriate choice of (orthonormal) coordinates one can decompose 
as R'^ X W in such a way that the Jacobian matrix of g with respect to the 
last k variables, d2g{x,y), is nonsingular for all {x,y) S U. Notice that, in this 
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case, e is a regular value of g so that M ~ g ^(0) is a smooth submanifold of 
R™ = M'^ X M'^ of codimension s. 

The formula we find (see Theorem 14.11 below) reduces the computation of the 
degree of a tangent vector field on M to that of an appropriate map in R™. More 
precisely, let ip : M R™ be tangent to M, in the sense that (p{£,) belongs to 
the tangent space T^M of M at ^ for any ^ S M. Let also ip be any extension 
oi (fi to U. With a small abuse of notation, we will write, according to the above 
decomposition, 

"PiO = ?{x,y) = {pi{x,y),(p2{x,y)), 

and define T : U R™ as J-{x, y) — {}pi{x, y), g{x, y)) , for any {x, y) G U. We will 
prove that 

(1.1) deg((p,M) =sdcg(^,[/) 

where s is the (constant) sign of det(92<?) on the connected set U . Observe that 
the just defined vector field onU may well not be tangent to M . In fact, on M, 
the second component of F is forced to be zero regardless of the shape of M . 

The above formula (jl.ip is equivalent to a result proved in but we provide 
here a simplified proof. Notice that (jl.ip docs not depend on the chosen extension 
of tf. Notice also that, since in Euclidean spaces vector fields can be regarded as 
maps and vice versa, the degree of the vector field that appears in the second 
member of (jl.ip is essentially the well known Brouwer degree, with respect to 0, of 
T seen as a map. Hence the degree of T , having a simpler nature than that of 
is 'morally' easier to compute. 

As an application we study the set of harmonic solutions of the following param- 
etrized difi^erential equations on a manifold M C R™, with M = (7~^(0) and g as 
above: 

(1.2a) ^ = /(0 + A/i(i,e), A>0 

and 

(1.2b) i = \h{t,£,), A>0 

where /i : R x il/ R™ and f : AI ^ R'" arc continuous maps with the property 
that /(^) and h{t,£^) belong to T^M for any (t,^) G R x M, and h is T-periodic in 
the first variable. 

Notice that locally M can be represented as graph of some map from an open 
subset of M'^ to R'*, with fc = m — s. Thus equations (jl.2[) can be locally simplified. 
In view of this fact one might think that it is possible to reduce equations p.2[) to 
ordinary differential equations in R*^. It is not so. In fact, globally, M may not be 
the graph of a map from an open subset of R*^ to R* as, for instance, when ?7 = R'^ 
and g : R X R2 ^> R^ is given by 

9(x,y) = g{x;yi,y2) = (e^' cosy2 - a;, e^^ siny2 - a;)- 

In this case, although detd2g{x,y) ^ 0, one clearly has that the 1-dimensional 
manifold M = g~^(0) is not the graph of a function x n- (yi(a;), 1/2(2;)) . In fact, M 
consists of infinitely many connected components each lying in a plane 1/2 = f + ^'tt 
for £ G Z. (See also Examples 15.21 and 15.81 below. ) 

Observe also that even when M is a (global) graph of some map F, the expression 
of r might be too complicated or impossible to determine analytically, so that the 
decoupled versions of equations (|1.2p may be too difficult to use. A simple example 
of this fact is obtained by taking A; = s = l,?7 = RxR and g{x,y) — y"^ +y~x'^ +x^ . 
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As further applications, we will deduce the results of [U [TT] about harmonic 
solutions of periodic semi-explicit differential-algebraic equations that have either 
the form 

X = j{x,y) + X(T{t,x,y), A > 0, 
g{x,y) = 0, 



(1.3a) 
or 

(1.3b) 



X = \a(t, X, y), A > 0, 
g{x,y) = 0. 



Here J7 C M'"' x is a connected open set, g : U is a,s above, 7 : J7 — > M'^ and 

cr : K. X [/ — !■ K.*^ are continuous maps, and a is T-periodic in t for a given T > 0. 
In fact, as we shall see, equations (|1.3a[) and (|1.3b|) arc equivalent to p.2ap and 
(ll.2b[) . respectively, for appropriate vector fields / and h on the manifold g^^(O). 
Notice that, as remarked above, although the set g~^{0) is locally the graph of some 
map of an open set of M.'^ to W so that equations (|1.3ap and (|1.3bp can be locally 
decoupled, it is not always possible or convenient to do globally so. 

2. Tangent vector fields and the notion of degree 

Wc now recall some basic notions about tangent vector fields on manifolds, and 
introduce the notion of degree of an admissible tangent vector field. 

Let M C M™ be a manifold. Let w be a tangent vector field on M, that is, a 
continuous map w : M M™ with the property that w(C) G T(^M for any C, S M . 
If w is (Frechet) differentiable at ^ S M and w(C) =0, then the differential dw^ : 
T(_M R™ maps T^M into itself (see e.g. [TO]), so that the determinant detdw^ 
of dw^; is defined. If, in addition, C is a nondegenerate zero (i.e. dwi; : T^M — > M™ 
is injective) then C is an isolated zero and detdw^ 7^ 0. 

Let W be an open subset of M in which we assume w admissible (for the degree); 
that is, the set w~^{0) is compact. Then, one can associate to the pair {w, W) 
an integer, dcg{w,W), called the degree (or characteristic) of the vector field w in 
W, which, in a sense, counts (algebraically) the zeros of w in W (see e.g. [HI fTO] 
and references therein). In fact, when the zeros of w are all nondegenerate, then 
the set w~^(0) n 14^ is finite and 

(2.1) deg{w,W) = ^ signdetdw^. 

Ceu)-i(o)mv 

Observe that in the flat case, i.e. when M = M™, deg(?ii, 14^) is just the classical 
Brouwer degree with respect to zero where V is any bounded open neighborhood 
of w~^(0) n W whose closure is contained in W. 

The notion of degree of an admissible tangent vector field plays a crucial role 
throughout this paper. It enjoys a number of properties some of which wc report 
here for the sake of future reference. 

Additivity: Let w be admissible in W. If Wi and W2 are two disjoint open 
subsets ofW whose union contains w~^(0) H W, then 

deg(w, W) = deg(w, Wi) + deg(?i;, W2)- 

Homotopy Invariance: Let h : M x[0,l] M™ be an admissible homotopy 
(of tangent vector fields) in W; that is, h{(^,X) £ T(^M for all (C, A) G 
M X [0,1] and h-^{Q) nW x [0,1] is compact. Then deg (^h{- , X) ,W) is 
independent of X. 

Solution: If w is admissible in W and deg{w,W) 7^ 0, then w has a zero in 
W. 

The Additivity Property implies the following important property: 
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Excision: Let (w, W) be admissible. IfV'^Wis open and contains w ^(0)n 
W, then deg(?i', W) = deg{w, V). 
Another property that plays an important role in this paper is the following one 
which allows the comparison between the degrees of vector fields that correspond 
under diffeomorphisms. Recall that ii v : N ^ and w : M — >■ R"* are tangent 
vector fields on the diff'erentiable manifolds iV C K" and M C M™, and if p : W ^ V 
is a diffeomorphism from an open subset W of M onto an open subset V of N, we 
say that v\v and wlw correspond under p when v{p{C,)) = dpQ{w{C)) for all C G W. 

Invariance under diffeomorphisms: Let M C M" and N C M'" be differ- 
entiable manifolds and let v : N ^ M" and w : M R"' be tangent vector 
fields. Assume that v\v and w\w correspond under some diffeomorphism. 
Then, if either v is admissible in V or or w is admissible in W , so is the 
other and 

deg(w, V) = deg(w, W). 

Remark 2.1. Let W C M be open and relatively compact. If w : M ^ M'" is 
such that w{Q) ^ on the boundary Fr (W) of W , then (w, W) is admissible. Let 
e = min^gpr(-;y) Then, for any d : M — > M™ such that maX(^gpi.(VK) [""^(C) ~ 

v{C)\ < e, we have that {v, W) is admissible and that the homotopy /i : M x [0, 1] — > 
M™ given by 

hicx) = XwiO + a-^HO 

is admissible in W . Hence, by the Homotopy Invariance Property, 

dcg(w, W) — deg(?;, W). 

The Excision Property allows the introduction of the notion of index of an iso- 
lated zero of a tangent vector field. Let C e M be an isolated zero of w. Clearly, 
deg(w, V) is well defined for each open V C M such that Vriw~^{0) = {Q. By the 
Excision Property deg(w, V) is constant with respect to such Vs. This common 
value of deg(ii', V) is, by definition, the index of w at C, and is denoted by i (w, C)- 
Using this notation, if {w, W) is admissible, by the Additivity Property we get that 
if all the zeros in of w are isolated, then 

(2.2) degiw,W)= 

Cew-'^{o)nw 

By formula (|2.ip we have that if ^ is a nondegcnerate zero of w, then 

(2.3) i (w, C) = signdet dw^. 

Notice that (|2.ip and (|2.2p differ in the fact that, in the latter, the zeros of w are 
not necessarily nondegcnerate as they have to be in the former. In fact, in (j2.2p . w 
need not be differentiable at its zeros. 

3. Tangent vector fields on implicitly defined manifolds 

Lef^ -.Rx M ^ M" be a (time-dependent) tangent vector field on M C R™, 
that is a continuous map with the property that ^'(i, C) G T^M for each (i, C) S 
M X M. Assume that there is a connected open subset U of R™ and a smooth map 
g : U W with the property that M = g~^{0). Suppose that with an orthogonal 
transformation, if necessary, one can write R"* = R*^ x R*, in such a way that the 
partial derivative of g with respect to the second variable, d2g{x, y), is invcrtible for 
each (x, y) € U. By this we mean that there exists an orthogonal transformation P 
of R™ such that the above property holds with the map g ^ g o P : P^^{U) — > R* 
in place of g, and with the open set P~^{U) replacing U . 

To illustrate this point consider by way of example m = 3,s = l,C/ = M'^, 
and 3(^1,^2, $3) = + Ci?3 (here 5~^(0) is a hyperbolic paraboloid). Setting 
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{xi,X2,y) = (fi,C3:'C2) and g(xi,X2,y) ~ y + xiX2, one has that the partial deriv- 
ative of g with respect to y is 1. 

As previously remarked in the Introduction, the restrictive assumption we impose 
on g does not imply that M = g~^{0) is globally a graph. Likewise, one should note 
that in general a manifold may not be representable as the zero set of a function 
for which the above condition holds, as in the case of the sphere in M™. 

According to the above decomposition of R™ we can write, for any ^ £ M, 
^ = (x, y) and, for any i e M 

= *(i,a;,y) = a;, y), ^-zl^, x, y)) . 

Notice that one must have 

(3.1) 'f2{t,x,y) = -{d2g{x,y))~^dig{x,y)-^i{t,x,y). 

In fact, vE'(t,C) G T^M being equivalent to G ker ^'(a;, y), one has for each 

(i, x,y) & M that 

= g'{x, y)'^{t, X, y) = dig{x, y)*i(t, x, y) + d2g{x, y)*2(i, x, y), 

which implies p.ip : here g'{x, y) denotes the Frechet derivative of g at {x, y). 

We now focus on differential equations on AI and write them equivalently (in a 
sense specified below) as differential-algebraic equations. 
Let us consider the following differential equation on M: 

(3.2) C = *(t,0- 

By a solution of (j3.2p we mean a curve ^ : J — > R™, defined on a (nontrivial) 
interval J C R, which satisfies the conditions ^(t) G M and ^(t) — 4'(t,^(t)), 
identically on J. We need the following fact. 

Remark 3.1. If ^ is as above, since R x M is a closed subset of the metric space 
R X the well known Tietze's Theorem (see e.g. ^) implies that there exists an 
extension * : R x J7 ^ R™ o/ 

Consider also the 'extended' equation on the neighborhood U of M in R™: 

(3.3) r) = $(t,?7), 

where ^I^ is any extension of 'i' as in Remark 13.11 Observe that the solutions of 
p.2p are also solutions of p.3p : conversely, the solutions of p.3p that meet M do 
actually lie on M and thus are solutions of p.2p . 

Equation (j3.3|) can be conveniently written, setting r/ = {x,y), as the following 
system: 

X = *i(t,a;,y), 
y = ■^2{t,x,y) 



(3.4) 



where, for the sake of simplicity, 4' has been replaced by ^ . 

We claim that p.2p is equivalent to the following differential-algebraic equation: 



(3.5) 



X = ^i{t,x,y), 
g{x,y) = 0. 



Here by a solution of (|3.5[) we mean a pair of functions a; : J — !> R'^ and 
y : J —¥ W, J an interval, with the property that x{t) = 'iii{t,x{t),y{t)) and 
g{x{t),y(t)) = for aU t G J. 

To prove the claim, let a; : J — > R'^ and y : J — > R" be maps defined 
on an interval J with the property that t t-^ ^{t) = (a;(t),y(t)) is a solution of 
(1221). Then, for aU t G J, x{t) = '^i{t,x{t),y{t)) and, since {x{t),y{t)) G M, we 



6 



ALESSANDRO CALAMAI AND MARCO SPADINI 




is a solution of p.Sp then, 



So that 



m = -{d29{x{t),y{t)))-^d^g{x{t),y{t))x{t) 



{d2g{x{t),y{t)))-'dig{x{t),y{t))^i{t,x{t),y{t)). 



Taking into account (|3.ip and the fact that the solution meets M, we have the 



As in the previous section, let Af C R™ be a differentiable manifold that is 
globally defined as a zero set of a suitable map g : U — > R*, [/ C R™. Here we 
give a formula for the degree of tangents vector fields on M in terms of (potentially 
easier to compute) degree of appropriate vector fields on U . The main result of 
this section is Theorem 14. II below, which is equivalent to a result of [TT]. Here we 
provide a simplified proof. 

Throughout this section ip : M R™ will be a continuous tangent vector field 
on M. As in Remark 13. 11 Tietze's Theorem implies that there exists an extension 
ip : U ^ R™ of (p. Thus, it is not restrictive to assume, as we sometimes do, that 
the given tangent vector fields are actually defined on a convenient neighborhood 
of the manifold M. In fact, although an arbitrary extension of ip may have many 
zeros outside M, we are interested in the degree of on M which only takes into 
account those zeros of (p that lie on M. 

Theorem 4.1. Let {7 C R*^ x R" &e open and connected, let g : U — s- R" be a smooth 
function such that d2g{x,y) is nonsingular for any {x,y) G U and let M = ^"^(O). 
Assume that ip : M ^ R*^ x R" is a continuous tangent vector field on M , and 
let ipi be the projection on R'^ of an arbitrary continuous extension p of ip to U. 
Define : U — R*^ x R*' by T{x,y) = (^ipi{x,y), g{x,y)) . Then, T is admissible in 
U if and only if so is p in M , and 



where s is the constant sign of det d2g{x,y) for all {x,y) G U. 

Before we provide the proof of Theorem 14. 11 we consider a special case. Observe 
that a point (p, q) G il/ is a zero of p if and only if it is a zero of J-. 



Proof. Observe that since the zeros of J' are nondegenerate, they are also isolated. 
This implies that the zeros of p are isolated as well. Let (p, q) be a zero of J-. As 
a first step, we will show that 



claim. 



4. Computation of the degree 



(4.1) 



deg{p,M)=sdeg{T, U), 




dcg{p,M)^sdcg{J', U). 



(4.2) 



i (P, <?)) = s sign det 
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Since detd2g{p,q) ^ 0, the so-called generalized Gauss algorithm (see e.g. [7]) 
yields 

detdJ-(,,)=dctf^fi/^'f ^ff'f 
(4 3) \dig{p,q) d2g(p,q) 

= Actd2g{p,q) ■ dct {diifi{p,q) - d2(piip,q){d2g{p,q)) ^dig{p,q)y 

As remarked above, since {p, q) is a nondegenerate zero of J- then it is also isolated, 
as a zero, of both J" and of on M. LetB = WxV, with C R*^ and C W open, 
be an isolating neighborhood of (p, q) in R'' X i.e. B is such that J^{x, y) ^ (0, 0) 
for any (x, y) e B \ {{p, q)}, and ip{x, y) ^ (0, 0) for any {x, y) e B D M \ {{p, q)}. 

Since d2g{p,q) is invertible, the implicit function theorem implies that, taking a 
smaller W if necessary, we can assume that there exists a function j : W -^W 
such that g(^x,j{x)) = for any x € W and j{W) C V. Thus the map G : x M> 
(a;,7(a;)) is a diffeomorphism of onto B Ci AI whose inverse is the projection 
TT : B Ci M ^ W given by Tr{x, y) = x. 

The property of invariance under diffeomorphisms of the degree of tangent vector 
fields implies that 

dcg((p, B n M) = deg [-KoipoCW). 
Notice that p is an isolated zero oi -k o tp o G. Thus, the above relation becomes 

(4.4) i{ip,(p,q)) ^{[-KOLpoCp) 
The differential of tt o 1^9 o G at p is given by 

di'^i ip, q) - d2Vi {P, q) {d2g{p, q)) ^dig{p, q) 
(recall that q = 7(p)), which is equal to 

(4.5) diipi (p, q) - 82^1 (p, q) {d2g(j}, q)) ^dig{p, q) 

because the differential of (p at {p,q) coincides with the restriction to T(^p^q)M of 
the differential of ip at the same point. By (j4.3p and the fact that {p, q) is a 
nondegenerate zero of J^, it follows that the map in (|4.5p is invertible. Therefore, 
by (|44| and (|231) . we have 

i {v,{P:q)) = 

(4-6) / ^ ~ / N-i \ 

= signdet [diipi{p,q) ~ d2Pi{p,q){d2g{p,q)) dig{p,q)y 

Formula follows from and 

To complete the proof, let (pi, 51), . . . , (p„, (/„) be the zeros of J-. Since s is 
constant on the connected set [/, from (|2.2p . Lemma [4.21 and (|2.ip we have 

n 

deg((p, Af) = ^ i (yj, (k, g,)) = 

4=1 

n 

= ^ s signdet =sdcg(J', t/), 

i=l 

that proves the assertion. □ 



Proof of Theorem \41\ The assertion that J- is admissible in U if and only if so is 
p in M follows from the identity 

{{p,q) e M : p{p,q) = O} = {(p,(?) G [/ : F{p,q) = O}, 
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which can be deduced from the definition of T and the fact that, according to (|3.ip . 
the projection ip2{x,y) of (p[x,y) = {•^i[x,y),ip2{x,y)) , at [x,y) £ M onto R", is 
given by 

-{d2g{x,y)) dig{x,y)(pi{x,y). 

Assume now that T is admissible in U. Let V be an open and bounded subset of 
U with the property that the closure y of V is contained in U and that J^^^(0, 0) C 
V. Clearly, (^~^(0,0) n M is contained in V as well and, by the excision property 
of the degree of a vector field, we get 

deg(J", U) = deg(J", F), deg(^, M) = deg((/p, VnM). 

Therefore, it is sufficient to prove that 

(4.7) deg{ip, V n M) = s deg( J", V). 

We shall deduce equation (j4.7p from Lcmma l4.2l via an approximation procedure. 
Given e > 0, Sard's Lemma implies that one can find a map J'^ : U M.'^ x W , 
T'^ = (J'f, J^l), that has (0,0) as a regular value and such that 

max {x,y) — F{x,y)\ < e. 

(x,y)eVr{V)' 

Define : U M!" x W hy 

'4'%x,y) = (^Tf{x,y),-{d2g{x,y)y^dig{x,y)Tf{x,y)j , 

and denote by i/'^ the restriction of to M. As in Section |31 we see immediately 
that is a tangent vector field on M. Recalling formula p.ip . one has 

sup |'0^(a;,y) - (^(x,y)| < sup Tl{x,y) - Ti{x,y) 

(a;,y)GFr(VnM) (x,y)£Fr (VnM) 



sup 



{d2g{x,y)) ^dig{x,y){Tl{x,y) - Ti{x,y)) 
{d2g{x,y)) ^dig{x,y) 



< e 1 + sup 

y {x,y)£Fr{yr\M) 

where | • | denotes, according to the space where applied, the Euclidean norm in R*^, 
or R'^+^j and || ■ || denotes the norm of linear operators from R'^ to R*. Thus, 
by the continuity of the partial derivatives of g and the compactness olV C] M , it 
follows that one can choose e so small that 



and 



max \T^{x,y) ~ F{x,y)\ < min{| J"(x, y)| : {x,y) £ Ft{V)}, 

ix,y}eFi{V)' 



max \ip'^{x,y) — ip(x,y)\ < mm{\tp(x,y)\ : (x,y) £Fr (V (1 M)}. 

(x,y)£Fr{VnM) ' ' 



For such a choice of e it is easily checked that J^*^ and i/j^ are admissibly honiotopic 
to on y and to on V H M, respectively (compare Remark l2.ip . Thus, 

(4.8) deg(J■^^/) = deg(J-,1/). 
and 

(4.9) degilp'' , V n M) ^ deg{ip,V n M) 

Observe also that because of the assumptions on any zero of J-^ is nondegen- 
erate. By Lemma [4.21 it follows that 

(4.10) deg(V'',l^nM) =sdeg(J"^,y). 

Now, Equations fij)) . (|4T0| and (|48)) imply (|4J| . This completes the proof. □ 
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Example 4.3. Let k = s = 1, U = M.'^ and g{x,y) = — — 3y. Consider 
the tangent vector field on M ~ g^^{0) given by (p{x,y) = + l),a;'^). Define 

: [/ — > &y J-{x,y) = {x{y'^ + ~ ~ 3y)- From the above theorem one 

gets immediately that deg{ip, M) = — 1 • deg(J^, U) = +1. 

Example 4.4. Let s ^ 1, k ~ 2, U = M.^ and g{xi,X2, y) = x\ — y, (p{xi, X2,y) = 
(xi, 1 + xl, 2xf ). Put ipi{xi,X2,y) = {xi,l + X2) and ip2{xi,X2,y) = 2x\. Define 
T{xi,X2,y) = {'pi{xi,X2,y)jg[xi,X2,y)) = (xi, 1 - y). The unique zero of 
T is (0, —1, 0). From the above theorem one gets that dcg(/, M) = — 1 •dcg(J-', U) = 
+1. 

Theorem 14.11 and the Additivity Property can be combined to get a formula for 
the degree of a tangent vector field tangent valid in a slightly more general situation. 

Corollary 4.5. Let U C R'^ x be open, g : U ^ W a smooth function having 
G W as a regular value and let M = g^^(O). Assume : M — J> x 
is tangent to M and suppose that there are pairwise disjoint open and connected 
subsets Ui, . . . ,Un of U such that 

(1) (^^^(0) is compact and contained in IJ^j^ Ui; 

(2) d2g{x, y) is nonsingular for all (x, y) G Ui, i = 1, . . . , N . 

N 

(4.11) deg((p,Af) =^s,deg(^,C/,) 

i=l 

where J- : U — > R'^ x R" is defined as in Theorem \4-l\ and Si denotes the constant 
sign of det d2g{x, y) in Ui, for i ~ 1, . . . , N . 

5. Applications and examples 
This section is devoted to the study of the set of T-periodic solutions of equations 

(113). 

Let us introduce some notation. We shall denote by Ct{M) the set of the 
continuous T-periodic maps from R to M with the metric induced by the Banach 
space Ct(R'") of the continuous T-pcriodic R"'-valued maps (with the standard 
supremum norm). For the sake of simplicity we make some conventions. We will 
regard every space as its image in the following diagram of natural inclusions 

[0, 00) X M — > [0, 00) X Ct{M) 

t t 
M — > Ct{M) 

In particular, we will identify M with its image in Ct{M) under the embedding 
which associates to any ( G M the map C S Ct{M) constantly equal to C- Moreover 
we will regard M as the shce {0} x M C [0, 00) x M and, analogously, Ct{M) as 
{0} X Ct{M). We point out that the images of the above inclusions are closed. 

According to these identifications, if f2 is an open subset of [0, 00) x Ct(M), by 
f2 n M we mean the open subset of M given by all C 6 M such that the pair (0, C) 
belongs to fi. If O is an open subset of [0, 00) x M , then O fl M represents the 
open set {C e M : (0,C) e O). 

We say that {^\x,y) G [0,oo) x Ct{M) is a solution pair of (|1.2ap if ^ = (x,y) 
satisfies (|1.2ap for X ^ fi; here the pair (x, y) is thought of as a single element of 
Ct{M). Given C, = {p,q) G M, a solution pair of the form {0;p,q) is called trivial. 

Throughout this section U will be an open and connected subset of R''" x W. 
We will always assume that g U — )> R^ is a smooth function such that d2g{x, y) is 
nonsingular for any (x,y) G U, and A/ = g~^(0). It will also be convenient, given 
a continuous tangent vector field, f:M — > R*"' x R", to denote by / an arbitrary 
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extension of / to [/ (as in Remark I3.ip and to let fi{x,y) be the projection of 
f{x,y) on R'"' for any {x,y) G U. 

Theorem 5.1. Let f : M R'' xW, and h : R x M ^ R'' x R" be continuous 
tangent vector fields, with h of a given period T > in the first variable. Define 
T -.U ~^R^ xR'' by J-{x, y) = y),g{x, y)) for any {x, y) £ U . Given an open 

set Vl C [0, oo) X Ct{M), let O C R™ be open with the property that OHM = nCiM. 
Assume that deg(J-", O) is well defined and nonzero. Then there exists a connected 
set r of nontrivial solution pairs for (jl.2ap in whose closure in fl meets /~^(0)nr2 
and is not compact. In particular, if M is closed and VL = [0, oo) x Ct{M), then T 
is unbounded. 

Proof. By Theorem 14 . 1 1 we have 

I deg(/, O n = I deg(/, O n M)\ = \ dcg(J-, 0)\. 
Thus, deg(/, $7 n A/) ^ and the assertion follows from Theorem 3.3 of [5]. □ 

Example 5.2. Let s = 2, fc = 1, [/ = and consider g : M x — S> given by 

9{x,y) = g{x;yi,y2) = (e^^ cosy2 - x,ey^ siny2 + a; - l). 

where y = {yi, 2/2)- Clearly, although for each {x, y) G M x 

1 . 'I / \ ^ . f e^icosw2 e^isinv2\ 21;, n 
det d2gix, y) = det ^, ■ = e^^^ > 0, 

M — g^^ifS) is not the graph of a map x i— s- y{x). Consider the following ODE on 
M: 

where ^ = {x, 2/1,2/2) cw^c? / is the tangent vector field given by 

f{x,yi,y2) = (2/2,2/2(cos2/2 +sin2/2)e"^S-2/2(cos2/2 -sin2/2)e~^i). 

Define J"(a;, 2/1, 2/2) = (2/2,6^1 cos 2/2 -a;, e^^ ainy2+x-l), for (cc, 2/1, 2/2) G R^- From 
Theorem\Jl\we get deg(/, M) = deg(J",R3) = -l. 

Clearly /-^O) = {(1,0,0)}. Thus, letting O = [0,oo) x Ct(A-/) m Theorem\5Jl 
one has that given any T -periodic vector field ft, : R x — > tangent to M there 
exists an unbounded connected set T of nontrivial solution pairs of equation 

f{i) + \h{t,i), A>o, 

whose closure in [0,oo) x Ct{M) meets {(0, C)} where C e Ct{M) is the function 
constantly equal to (1,0,0). 

Let us now consider Equation (jl.2bp . Let g and h be as above, and suppose 
that h is T-periodic in the first variable for a given T > 0. We want to derive a 
continuation result for (jl.2bp . analogous to Theorem 15.11 above, following [T]. We 
say that {fi; x, y) g [0, 00) x Ct{M) is a solution pair of (jl.2bp if ^ = (x, y) satisfies 
(|1.2b[) for \ = jjL. Given C = {p, q) G M , a solution pair of the form (0;p, q) is called 
trivial. 

Define the 'average wind' vector field w'* on M by 

w'^{i) = ^ j\{t,£,)dt. 
The following result concerns Equation (|1.2bp . 
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Theorem 5.3. Let /i : K x A/ — s- K. x W be a continuous tangent vector field, of 
a given period T > in the first variable. Define $ : t/ — s- R'^ x by ^{x,y) = 
(wi{x,y), g{x,y)) for any {x,y) € U. Given an open set fl C [0, co) x Ct{M), 
let O C M"* be an open subset with the property that n Af = O n Af . Assume 
that deg($, O) is well defined and nonzero. Then there exists a connected set T 
of nontrivial solution pairs for (jl.2b[) in fl whose closure in fl is not compact and 
meets the set {w'^)~^ {0)n^l. In particular, if M is closed and = [0, oo) x Ct{M), 
then r is unbounded. 

Proof. By Theorem 14.11 we have 

\deg{w'\nnM)\ = \dcg{w'\Or\M) \ = |deg($,0)|. 

Thus, deg(w'', fl fl M) ^ and the assertion follows from Theorem 2.2 of [3]. □ 

Example 5.4. Let k — s — I and let J7 = R^. Consider the map 

9{x,y) ^y^ + y~ x^. 

Clearly, d2g{x,y) = 3?/^ + 1 > for all ^ — {x,y) G R^. Consider the following 
ODE on M = (0); 



^{x,y) = {x + y,y^ + y-x'^). 

Observe that $^1(0,0) = {(0,0)} and dcg(<I>,R2) = 1, so that Theorem\EE applies 
with = [0, oo) X Ct{M) yielding the existence of an unbounded branch of solution 
pairs of (|5.ip . 

5.1. Applications to a class of Differential- Algebraic Equations (DAEs). 

Let us now consider applications to semi-explicit differential-algebraic equations of 
the form (jl.3[) . As above, we will consider the case when U C R*^ x R'* is open and 
connected and g : U W is smooth and such that d2g{x,y) is invertible for all 
{x, y) G U. For equations (|1.3p we will write explicitly the tangent vector fields / 
and h that carry out the equivalence of of (|1.3ap with (|1.2ap and of (|1.3bp with 
(|1.2b[) . respectively. The argument is parallel to that of Section [3] 

Let us consider equations on an open connected set [/ C R'^ x R'* of the following 
form: 



where F : M. x U ^ M.'' is continuous and g : U R*' is smooth and such that 
d2g{x, y) is invertible for all {x, y) G U. It is well known (compare [HI §4.5]) and easy 
to see that in this situation, equation (|5.2p induces a tangent vector field ^ on M, 
that is, it gives rise to an ordinary differential equation on M = g~^{0) Q R'"' x W . 
In fact, one can see that setting 



(5.1) ^ = Xh{t,0, A>0 

where the 2TT-periodic tangent vector field h is given by 




Define 



(5.2) 
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Given continuous maps j : U ^ M'' and ct : M x [/ — > R*^, define the tangent 
vector fields f:M^R''x W and h: M ^Ri" x W on M by 

(5-3) f{x,y) = {'j{x,y),-'{d2g{x,y)y^dig{x,y)j{x,y)), 

and 

(5.4) h{t, X, y) = (cr(t, x, y), -~{d2g{x, y))~'^dig{x, y)a{t, x, y)) . 

Recalling formula p.ip , the above argument shows that (jl.3a[) and (|1.3bp are equiv- 
alent to (jl.2a[) and (|1.2bp . respectively. Also, if a is T-periodic in the first variable, 
so is h. 

We are going to use this equivalence to deduce some of the results of [TT] and 
of [U for equations of the form (|1.3ap and (|1.3bp , respectively. Let us begin with 
equations of the form (jl.3ap . 

We need to introduce some further notation. We say that (/i;.T,y) £ [0, oo) x 
Ct(U) is a solution pair of p.3ap if {x, y) satisfies (jl.3a[) for A ~ /i. It is convenient, 
given any (p, g) G M*^ x W, to denote by {p,q) the map in Ct(R''' x W) that is 
constantly equal to (p, q). A solution pair of the form (0;p, q) is called trivial. 

Let : [/ R*^ xR^ be given by J-{x, y) = {j{x, y), g{x, y)) . As one immediately 
checks, {p, q) is a constant solution of (|1.3ap corresponding to A = if and only if 
^(PtQ) = (0,0). Thus, with this notation, the set of trivial solution pairs of (|1.3ap 
can be written as 

{(0;p, q) e [0, oo) x Ct{U) : F{p, q) ^ (0, 0)}. 

Given Vl C [0, oo) x Ct{U), with U nil we denote the set of points of U that, 
regarded as constant functions, lie in fl. Namely, 

u nn ^ {{p,q) e u -.{o-^p^q) en}. 

We are now ready to state and prove a result concerning the T-periodic solutions 
of (fT3a|) . 

Theorem 5.5 ([TT])- Let [/ C R'^ x W be open and connected. Let g : U W , 
■~f : U , a : M. X U — >M'' and T > Q be such that 7 and a are continuous, a 

being T-periodic in the first variable, and g is smooth with d2g{x, y) invertible for all 
{x,y) S U. Let also T{x,y) = {j{x,y), g{x,y)) . Given C [0, 00) x Ct{U) open, 
assume deg(J^, U Hfl) is well-defined and nonzero. Then, there exists a connected 
set F of nontrivial solution pairs of (|1.3ap whose closure in Q is not compact and 
meets the set {(0,p, q) € fl : J-{p, q) = (0, 0)}. 

Proof. Let /: M ^ R*-' x R" and h: M ^ M!" xW he given by (gSD and ((^ . 
respectively. Then, as remarked above (|1.3ap is equivalent to (jl.2ap on M = g~^{fi). 
This equivalence implies that each pair (A; x, y) can be thought as a solution pair 
of (|1.2ap and vice versa. The assertion follows from Theorem 15. II □ 

The following example could be treated with classical methods because of the 
asymptotic behavior at infinity of the implicit function. Nevertheless, we choose to 
include it here as an illustration of our results. 

Example 5.6. Consider the second order DAE 

J X = —y — ax + Xa-{t,x,x), A>0 
^ ' ' \y^ + y-x^-x^O 

that represents the motion with friction —ax, a > 0, of a unit mass particle con- 
strained to the real axis and attached to the origin with an initially 'stiff ' nonlinear 
spring (such that the displacement x and the reaction force —y are related implicitly 
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by + y ^ + x), and acted on by a T -periodic force a depending on position and 
velocity. Let us rewrite equivalently (jS.Sp as a first order DAE of the form (|1.3ap . 

{il = X2 
X2 = -y - ax2 + Xcr{t;xi,X2), A>0 
y^ + y ~ xl - Xl = 0. 

Take U = x M and define J-'{xi ,X2,y) = {x2 , — q;x2 ^ y,y'^ + y ~ x\ — xi). Since 
deg{T,U) = 1, Theorem 15.51 yields an unbounded connected set T of nontrivial 
solution pairs of ()5.6p emanating from the solution constantly equal to (0,0,0). 
Clearly, each element of T corresponds to a nonconstant T -periodic solution of 
(|5.5p . In fact, an energy argument shows that (jS.Sp has only constant periodic 
solutions for A = 0. Thus, T has no intersection with the slice {0} x Ct{U). 

In a similar way we deduce a continuation result for equation (jl.3bp from The- 
orem [531 above. In the following we will say that (/i; a;, y) G [0,oo) x Ct{U) is a 
solution pair of (|1.3b[) if (x, y) satisfies (jl.3bp for A = /i. A solution pair of the 
form (0;p, q) will be called trivial. 

Theorem 5.7 ([T]). Let U CR'^ be open and connected. Let g : U ^ W be 

smooth with d2g{x,y) invertible for all {x,y) S U, and cr : R x C7 — ^ R*^ continuous 
and T -periodic in the first variable. Let also $ : [/ — > M'"' x be given by $(a;, y) = 
{'^{x,y),g{x,y)), where 



1 

^{x,y) J o{t,x,y)dt. 



Given SI C [0,oo) x Ct(U) open, assume that deg($, [/ n fl) is well-defined and 
nonzero. Then, there exists a connected set T of nontrivial solution pairs of (|1.3b|) 
whose closure in is not compact and meets the set {(0,p, q) £ : $(p, q) = (0, 0)}. 



Proof Leth: M -^R" xW be the tangent vector field on M given by ((O)) . Then, 
equation (|1.3bp is equivalent to (|1.2b[) on M = g~^{0), and the assertion follows 
from Theorem 15.31 □ 



Example 5.8. Consider the following DAE in the form (jl.3bp with T = 2tt: 

A > 



(5.7) 



Xl — X{y2 + cost) 
X2 = A(j/i — 2 cos^ <) 
Xl - yi COS2/2 = 
X2 - yi sin y2 = 



Here, s = 2, k = 2, U ^ {{xi, X2;yi,y2) £ x R^yi > 0}. Let g : U R'^ be 
given by 

9{x,y) = g{xi,X2;yi,y2) = {xi - yi cos y2, 2:2 - yi siny2)- 
where x = {xi,X2) and y = (2/1,2/2)- One has, 

dot d29{x, y) ^ det = yi > 0. 

'^^ \^viiy2 -yi cos 2/2/ ^ 

Clearly, the 2-dimensional manifold M cannot be written as the graph of a function 
{xi,X2) I— >■ {yi{xi, X2), 2/2(2^1, 2^2)) • Let ^ : U ^ R^ be given by 

$(x,2/) = $(xi,X2;yi,2/2) = (2/2,2/1 - l,2;i - 2/1 cos y2 , 2:2 -2/1 sin ^2)- 

A straightforward computation shows that $^^(0) = {(1, 0, 1, 0)} and that deg($, U) = 
— 1. Then, Theorem \5.T\ applies with D, = [0,cxd) x Ct{U), yielding the existence of 
an unbounded branch of nontrivial solution pairs of (j5.7p . 
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